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Abstract

The loss of strong ellipticity is analyzed for a rate independent infinitesimal elastoplastic model. This local
stability condition corresponds to the loss of positive definiteness of the symmetric part of the acoustic tensor. First,
in the case of multisurface plasticity some expressions for the plastic hardening moduli are obtained for various
bifurcation criteria. Next, explicit expressions for the critical plastic hardening modulus and the critical orientation
are obtained in the case of single-surface plasticity (Hill type comparison solid). The analysis is based on a
geometric method. Linear, isotropic elasticity, and a general nonassociative flow rule are assumed. However, the
principal axes of the second order tensors of the plastic potential and yield surfaces gradients are coaxial. It is
shown that, similar to the loss of ellipticity, the direction of the critical orientation is identical to one of the
principal directions, except in the particular case where the gradient of the plastic potential and yield surfaces each
have a double eigenvalue. In particular, explicit expression for the plastic hardening modulus, using the same
geometric method, is also presented for the Raniecki type comparison solid. As an illustrative example, the critical
orientation for the loss of strong ellipticity and the classical shear band localization (loss of ellipticity) are compared
for axially-symmetric compression and tension. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In recent years, a large number of theoretical and computational contributions to the analysis of
strain localization have been made. The conditions for the classical shear band localization in rate
independent materials are now well-understood. The basic principles of classical discontinuous
bifurcation were first discussed by Hadamard (1903), Hill (1962), Mandel (1962), and later by Rudnicki
and Rice (1975) and Rice (1976). Based on Rice’s work, the general formulation of localization of
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deformation into shear bands in the small deformation range can be considered well established, and it
was applied to predict the orientation of shear bands for various types of material models (see, e.g.
Bardet, 1990; Bigoni and Hueckel, 1990a, 1990b, 1991; Ichikawa et al., 1990; Ottosen and Runesson,
1991a; Benallal, 1992). Shear bands in the large deformation range have also been extensively studied in
the literature (e.g. Molenkamp, 1985; Zbib and Aifantis, 1988; Zbib, 1989, 1991, 1993; Yatomi et al.,
1989; Duszek and Perzyna, 1991; Bigoni and Zaccaria, 1993; Szabo, 1994; Steinmann et al., 1997).

A standard method for calculating the critical shear band orientation and critical plastic hardening
modulus is based on the vanishing of the determinant of the acoustic tensor, which is derived from the
tangential constitutive stiffness tensor. This condition yields a set of plastic hardening moduli from
which the critical value is obtained in a maximization procedure. This problem was solved by several
authors, under the assumption of coaxiality of the gradients of plastic potential and the yield surface. A
number of these works use the Lagrange multiplier method (see, e.g. Rudnicki and Rice, 1975; Bigoni
and Hueckel, 1990a, 1991; Runesson et al., 1991; Ottosen and Runesson, 1991a, 1991b), or employ the
geometrical method proposed by Benallal (1992) (see, e.g. Benallal and Comi, 1993, 1996; Perrin and
Leblond, 1993; Szabo, 1994).

The criterion for the classical discontinuous bifurcation which corresponds to the loss of ellipticity is
that the acoustic tensor has a zero ecigenvalue. This instability refers to the onset of shear band
localization. It is well known that when the elasto—plastic constitutive model is based on a
nonassociative flow rule the constitutive tangent tensor and the acoustic tensors are not symmetric. In
this case the real-valued eigenspectrum of the nonsymmetric acoustic tensor is bounded by the minimum
and maximum eigenvalues of the symmetrized acoustic tensor, and the loss of positive definiteness of the
symmetric part of the acoustic tensor will occur before the loss of ellipticity. This phenomenon
corresponds to the loss of strong ellipticity, and it was analyzed by Ottosen and Runesson (1991a),
Bigoni and Zaccaria (1992a, 1992b), Neilsen and Schreyer (1993) and, more recently, by Rizzi et al.
(1996), and Szabd (1997). The condition of strong ellipticity is satisfied prior to the classical
discontinuous bifurcation criterion.

In the context of loss of ellipticity (onset of shear bands), several explicit expressions for the critical
plastic hardening modulus and critical shear band orientation have been obtained for rate independent
associative and nonassociative elastoplasticity (see, e.g. some recent surveys: Needleman and Tvergaard,
1992; Petryk, 1997). Much less work has been done, however, for the case of loss of strong ellipticity.
The critical plastic hardening modulus was calculated numerically for the nonassociative Drucker—
Prager model, by Neilsen and Schreyer (1993). Bigoni and Zaccaria (1992a) have shown that the critical
plastic hardening modulus for the loss of strong ellipticity is identical for the Raniecki and Hill type
comparison solids. In addition, they have presented an analytical solution for the critical plastic
hardening modulus in the case of the Raniecki comparison solids. In their work, first, a maximization
problem is solved for an associative flow rule associated to the Raniecki type comparison solid. Then, a
minimization problem is defined for the plastic hardening modulus determined from the maximization
process, respect to a free parameter, which corresponds to the Raniecki’s comparison solids. Although,
this minimization problem can be solved easily, explicit expressions for the critical plastic hardening
modulus and critical orientation similar to that ones, which are available in many papers for the case of
loss of ellipticity (e.g. Runesson et al., 1991; Ottosen and Runesson, 1991a), were not presented.

The main purpose of this paper is to obtain a closed form solution for the loss of strong ellipticity for
a Hill type comparison solid. The constitutive model considered here is based on a rate independent
elastoplasticity theory with a general nonassociative flow rule in the small strain range.

In the first part, the loss of ellipticity and the loss of strong ellipticity are analyzed for a general
multisurface plasticity model, which is referred to as the corner flow rules with of interaction several
yield and plastic potential surfaces (as in Asaro, 1983; Koiter, 1960; Mandel, 1965; Ottosen and
Ristinmaa, 1996; Steinmann, 1996; among others). In this context, some explicit expressions for the
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plastic hardening moduli are presented. Moreover, an expression of plastic hardening moduli obtained
from the general bifurcation condition (loss of uniqueness) is also derived.

Then, an explicit expression for the critical plastic hardening modulus and critical orientation is
derived for single-surface plasticity (Hill type comparison solid). In this case, linear, isotropic elasticity is
assumed, and {the principal axes of the second order tensors of the plastic potential and yield surfaces
gradients are coaxial, which limits the analysis to isotropic hardening only. This analysis is based on the
geometric method which was first proposed by Benallal and Lemaitre (1991) and Benallal (1992). It is
pointed out, however that, the geometric method used in this paper is slightly different from that of
Benallal (1992).

In addition, explicit expression for the critical plastic hardening modulus in the case of Raniecki type
comparison solid, using the same geometric method, is considered in Appendix B

Finally, as an illustrative example, the critical orientation for the loss of strong ellipticity and the
classical shear band localization (loss of ellipticity) are compared for axially-symmetric compression and
tension.

Regarding notation, tensors are denoted by bold-face characters, the order of which is indicated in the
text. The tensor product is denoted by ®, and the following symbolic operations apply: g-n=gmn,,
(Am);=A;n;, (A-B);=AyBy, AB=A4;B; and (C:A);= CyyAs, with the summation convention over
repeated indices. The superposed dot denotes the material time derivative, or rate. The superscripts T
and —1 denote transpose and inverse, and the prefix tr indicates the trace. The symbol ||-|| is used to
denote Euclidean norm. The fourth and second-order identity tensors are denoted by I and &,
respectively.

2. Constitutive relations and localization conditions

2.1. Constitutive relation

In the general case of rate independent multisurface elasto—plasticity, the widely used form of the
constitutive relations in the small deformation range is expressed in terms of a relation between the
stress rate and strain rate:

S = D¢, (1
where
D® = D° — M*'D*P, ® Q;:D%; a.p € [1,n] )

is the incremental elasto—plastic stiffness tensor, and the summation convention with respect to repeated
greek indices is adopted. Here, D® is the fourth-order elasticity tensor,, P, and Qg are the unit outward
normals to the plastic potential and yield surfaces, and the matrix M* is defined by

(M)~ = myp = hyp + Q,:D:Py, 3)

where /1, is the matrix of plastic moduli. In the present paper, the multisurfaces plasticity is referred to
as the corner flow rules with of interaction several plastic potential and yield surfaces. Note that the
inequalities for the stress rates specifying in the corner domain are not discussed in this paper.

There are a number of constitutive models in which the tangent operators are closely related to DP
defined in
Eq. (2), for example, in the single crystal plasticity: Asaro (1983), Peirce (1983), Dao and Asaro (1996);
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in the corner theories: Koiter (1960), Mandel (1965), Sewell (1973, 1974), Simo et al. (1988) and Reddy
and Giltop (1995) (for associated plasticity), Ottosen and Ristinmaa (1996) (for non-associated
plasticity); in general multisurface elastoplasticity: Rizzi et al. (1996), Sawischlewski et al. (1996) and
Steinmann (1996).

In the single-surface plasticity («= = 1), the tensor DP takes on the following simple form:

D°P ® Q:D°

D = D¢ —
H+QDP’

4)

where H is the generalized plastic hardening modulus. Note that the tangent operator in this form
defined above was considered, for example, by Prévost (1984), Bardet (1990) and Loret (1992).

2.2. The loss of ellipticity and loss of strong ellipticity conditions

2.2.1. Loss of ellipticity

Based on the analysis of acceleration waves (see, e.g. Hill, 1962; Mandel, 1962; Loret et al., 1990;
Ottosen and Runesson, 1991b; Loret, 1992), or the general method of the shear band localization (see,
e.g. Rudnicki and Rice, 1975; Rice, 1976; Rice and Rudnicki, 1980; Borré and Maier, 1989; Bigoni and
Hueckel, 1991; Ottosen and Runesson, 1991a; Runesson et al., 1991; Neilsen and Schreyer, 1993), the
second-order acoustic tensor B°P for the constitutive relations Eq. (1) is given by

B? =n-D°: n— M*”n-(D°P,) ® (Q4:D°) - n, 5)

where n is unit vector normal to the front of the acceleration waves, or normal to the plane of
discontinuity. The first term on the right-hand side of Eq. (5) can be defined as the elastic acoustic
tensor

B =n-D°.n, (6)
and the quantities n-(D:P,) and (QzD)-n by introducing two families of vectors, can be written as

a, =n-(D%P,)
and

bs = (Q4:D°) - n. O

The loss of ellipticity criterion corresponds to the singularity of the acoustic tensor. When the acoustic
tensor has a zero eigenvalue the determinant of B*® equals zero

det B® =0, ®)

which is the necessary condition for the localization.

2.2.2. Loss of strong ellipticity
The loss of strong ellipticity corresponds to the loss of positive definiteness of the symmetric part of
the acoustic tensor (Bigoni and Hueckel, 1991; Ottosen and Runesson, 1991a; Bigoni and Zaccaria,
1992a, 1992b; Neilsen and Schreyer, 1993; Rizzi et al., 1996). Equivalently, the loss of strong ellipticity
is first satisfied when the determinant of the symmetrized acoustic tensor is equal to zero
detB® =0, ©

sym
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where B® is defined by

sym
1
BY =B, — §M°<ﬁ(ax ®bs +b, ® ap). (10)

Note that, since the elasticity tensor D° is symmetric, the elastic acoustic tensor is identical its

symmetric part, B® = B:ym'

3. The plastic hardening moduli

3.1. Single-surface plasticity (a=L=1)

For single-surface plasticity an explicit expression for the plastic hardening modulus, using the
conditions (Eq. (8) or Eq. (9)) can be easily derived. In this context several methods have been used (see
e.g. Rice, 1976; Peirce, 1983; Molenkamp, 1985; Bigoni and Hueckel, 1991; Benallal, 1992; Bigoni and
Zaccaria, 1992a; Doghri and Billardon, 1995; Steinmann, 1996). One of these (Steinmann, 1996) is based
on the Sherman—Morrison formula, which will be applied in the present paper.

3.1.1. Loss of ellipticity
In this case, the acoustic tensor is defined by

B? =B°— Ma®Hb, (11)
where M = 1/(H+ Q:D%:P),

a=n-(D%P)
and

b =(Q:D°) -n. (12)

The inverse of B can be done in an elementary way, similarly to the inversion of the elastoplastic
constitutive tensor. The result takes the form

Be—l . b- Be—l
Bepfl — Befl + 1 a® . (13)
i b-B!.a

When the condition det B =0 holds, the tensor BP cannot be inverted. Then, it follows from Eq.
(13) that 1/M—b-BS"".a=0. From this condition, the plastic hardening modulus is given by

H'™ =(Q:D°-n)-B"'. (n-DP) — Q:D°:P. (14)
which has been derived by Rice (1976).

3.1.2. Loss of strong ellipticity
In the case of loss of strong ellipticity, the symmetrized acoustic tensor is expressed as

1 1
B® = B¢ —EM(a®b+b®a):A—§Ma®b, (15)

sym sym
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where
A =B¢ le 16
=Bym—5 ® a. (16)
In analogy with Eq. (13), we may define the inverse of Bgm according to
Afl . X Afl
B = A7l ¢ f& (17)
T A'.a
where the inverse of A is defined by
B! -b®a B
Al = B:’y‘rg + Szym Lo (18)
-1
u Bim b
For the loss of strong ellipticity, the following implication holds:
2
dethypm=0=>M—b-A_l~a:0. (19)
Use of A~ in this relation implies
2 e—1 2 e—1 e—1
(M —b-B, -a) —(a-B, -a)b-B{ -b)=0. (20)
From this condition, the plastic hardening modulus can be derived as
. 1
H' = 2{(Q;De -m) - B - (n-D*:P)
+ \/[(P:De -m) - ny_nll -(n-D%P)][(Q:D° - n) - B‘:y_nl1 -(n- De:Q)]} — Q:D°:P. (21)

It follows from Eq. (20) that the discriminant in Eq. (21) is always greater than (or equal to) zero.

Note that an identical expression was derived by Bigoni and Zaccaria (1992a), albeit in a different
way.

For loss of ellipticity and for loss of strong ellipticity the critical plastic hardening modulus
corresponds to the solution of the following constrained maximization problems:

le
H crit crit

=max(H'®) and H = max(H"™),
n n
subject to |n| =1, respectively.

3.2. Multisurface plasticity (o, fe[1,n])

In the case of multisurface plasticity, the second-order acoustic tensor B (in Eq. (5)) has the form of
a multiple rank one modification of the elastic acoustic tensor. The task is to find an explicit expression
for the plastic hardening moduli by means of the determinant of BP (for loss of ellipticity), and its
symmetric part (for loss of strong ellipticity) is equal to zero.

A closed form expression to compute the determinant of a matrix with multiple rank one updates was
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presented by Steinmann (1996). In his study, a recursive application of the Sherman—Morrison formulas
has been employed, and for the loss of ellipticity an explicit expression for the plastic hardening moduli
in the cases of double, triple, and multisurface plasticity have been presented. Unfortunately, the
application of the method presented by Steinmann (1996) for the case of loss of strong ellipticity is
rather difficult because the number of rank one updates in the symmetrized acoustic tensor are twice as
much.

However, using the following Lemma, we can obtain expressions for the plastic hardening moduli for
various bifurcation criteria. Here we generalize the Sherman—Morrison formula to general case with a
multiple rank one updates. Note that in several studies the Sherman—Morrison formula for the case of
the sum of a regular matrix and one rank one updates, was employed, e.g., Szabd (1985), Doghri and
Billardon (1995), Steinmann (1996), Rizzi et al. (1996) and Steinmann et al. (1997).

Lemma 1. Let B and C be two second-order tensors, and let a, and bg be two families of vectors, where
o, fe[l, n]. Define B as a sum of rank one updates of the non-singular tensor C

B =C — M*¥a, @by, (22)
where the matrix M* is invertible, and its inverse denoted by
(MPY™ =,y = MPmyg = 5% (23)

Then, the inverse of B, is given by

B'=C"'"4+G%C" . a,®b; - C, (24)
where
G =muyp—b, - C ' ay (25)

The proof of this lemma requires a simple verification, namely, multiplying B by B™! defined by Eq.
(25), we directly obtain 9.

Remark 1. In the simple case where the tensor B is defined in the form of single rank one update of C
(B=C—M a®Db), the determinant of B can be expressed as (Szabd, 1994; Steinmann, 1996):

detB = det C(1 — Mb-C~'-a).

The extension of this result to multiple rank one updates can be obtained analogously. The
determinant of B (in Eq. (22)) is defined by

det B = det C det [5; — M (b(; cl. a,;)], (26)

which coincides with the result obtained by Steinmann (1996). When the matrix M*° is nonsingular (and
its inverse denoted by m,;s), the expression defined above can be rewritten as

det B = det C det(M")det(m,5 — b, - C™" - ap). (27)
Since det C %0 and det(M"°) 0, it is concluded that

det B =0 = det(m,5 — b, - C~' - ag) = 0. (28)
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Let us examine the loss of ellipticity and loss of strong ellipticity using Lemma 1.

3.2.1. Loss of ellipticity
For the loss of ellipticity, from Eq. (24) (or Eq. (28)), using Eqgs. (3) and (5)—(7), the following
condition is immediately obtained:

det B® = 0 = det(h,p + Q,:D:Py — b, - B~ -ag) = 0. (29)

As mentioned above, a similar expression has been derived by Steinmann (1996). Note that Lemma 1
presented here allows one to obtain a result in simpler way. We also note that the same result was
presented by Peirce (1983) in the context of single crystal plasticity.

3.2.2. Loss of strong ellipticity
Analogous to the case of single-surface plasticity, from the condition

detBS =0, (30)

sym

where Bgypm defined by Eq. (10), using Eq. (24), the following condition can be obtained

1 1 i
det [h“,; +Q,:D" Py — b, B, a; — ;s BS,) - b,)N"(a; - BS,! .aﬁ)] —0. 31)

The inverse of N7° is defined by

1
N5 = Iy + Q,DPs — b B\ - a5 (32)

here the indices «, f, y and d€[1, n].
For convenience, we introduce the notations:

1 - (&
Rop = 5b, ‘B, - ag — Q,:D:Py,
B, = lb Bl .b
af 2 o sym B
and
1 e—1
Asp = - B - ay, (33)

where R,p, B,p and A,z are the elements of the n x n matrices R, B and A, respectively. With these
matrices, Eq. (31) takes the form

deth—R—-B(h—R)'A] =0, (34)
where h=[h,;] is the matrix of plastic hardening moduli.

Remark 2. It is important to note that Lemma 1 given above is also valid when B and C are fourth-
order tensors, and when a, and by are two families of second-order tensors. As an illustration, we will
give example of how to compute the critical plastic hardening moduli for the general bifurcation
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criterion. Some recent discussions of the bifurcations of elasto—plastic solids have shown that the loss of
material stability corresponds to the loss of positive definiteness of the symmetric part of the elasto—
plastic stiffness tensor (see, e.g. Ottosen and Runesson, 1991a; Neilsen and Schreyer, 1993; Ottosen and
Ristinmaa, 1996). Equivalently, the necessary condition for a general bifurcation (loss of uniqueness) is
first satisfied when the fundamental eigenvalue of the symmetric part of the fourth-order constitutive
tangent tensor is equal to zero.

The symmetric part of the fourth-order elasto—plastic stiffness tensor, D’ (in Eq. (2)), can be
expressed as

1
DP —D°— EM“ﬁDe:(Pa ® Qs +Q, ®Py)D*; o.fe[ln] (35)

sym

The general bifurcation criterion is first satisfied when the determinant of DJ  is equal to zero
(Neilsen and Schreyer, 1993):
det D® = 0. (36)

sym

From this condition, using Eq. (31) with the following identifications, a, — D®P,, by — QD and

B¢, —D°"', the criterion for loss of uniqueness is defined by

1 1 )
det |:h“/g + EQ(,:D":P[; — Z(Qu:De:QV)Z "‘3(P5:De:Pﬁ)i| =0 (37)
where o, f8, y and d€[l, n], and the inverse of Z”° is defined by

1
Z3 = hys+ 5Q,D"P;. (38)

It should be noted that a similar result is derived by Ottosen and Ristinmaa (1996) in a different way.

3.3. Example: Double-surface plasticity (o, fe[1,2])

As an illustrative example of the method developed above, we will derive an explicit expression for
the plastic hardening moduli in the case of double-surface plasticity. In this example the one parameter
family of hardening moduli (see, e.g. Hutchinson, 1970; Asaro, 1983) is considered, which in the present
case can be expressed as

hyp = HK,p or h = HK, (39)

where the matrix K does not depend on H explicitly.

3.3.1. Loss of ellipticity
For convenience, we introduce the L matrix of order 2 with coefficients

Ly, =b, B! . a; — Q,:D"P;. (40)
With this notation, the localization condition (29) now becomes:
det(HK —L) =0 (41)

from which, using the Cayley—Hamilton theorem, we formulate a quadratic equation for the plastic
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hardening modulus:

(det K)H % + [tr(KL) — tr K tr L]JH + det L = 0. (42)

3.3.2. Loss of strong ellipticity

In the case of double-surface plasticity, the matrices R, B and A defined by Eq. (33) are of order 2.
The condition defined by Eq. (34) can be expressed as a fourth degree polynomial equation with respect
to H:

aH*+a;H + aH?> + ayH + ay = 0, (43)
where the parameters a; (i € [0, 4]) are defined by:

= (det K)*,
a; = 2 det K{tr(KR) — tr K tr R},
a, =2 det K det R — (tr R)? tr(BA) — tr(KBKA) + tr K{tr(BKA) + tr(KBA)} + {tr(K,R) — tr K tr R}?,

a; =2 det R{tr(KR) — tr K tr R} 4+ 2 tr K tr R tr(BA) + tr(KBRA) + tr(RBKA) — tr R{tr BKA)
+ tr(KBA)} — tr K{tr BRA) + tr(RBA)}

and
ayp = det A det B + (det R)? — (tr R) tr(BA) + tr R{tr(BRA) + tr(RBA)} — tr(RBRA).

We conclude that when the matrix of plastic hardening moduli is given by Eq. (39), in the case of
multisurface plasticity the loss of ellipticity can be defined as a polynomial equation of order n with
respect to H, and the loss of strong ellipticity as a polynomial equation of order 2n with respect to H.

4. Critical plastic hardening modulus and critical orientation for single-surface plasticity
4.1. Preliminaries

In this section, the formulae derived previously will be applied to a general isotropic hardening model
with smooth plastic potential and yield surface. In particular, for the loss of strong ellipticity an explicit
expression of the critical orientation and the critical plastic hardening modulus will be obtained.

In this example, it is assumed that the stress tensor and the unit outward normals to the plastic
potential and the yield surface are coaxial. For an isotropic hardening plasticity model, the yield and
plastic potential functions are generally expressed in terms of the stress invariants I, J> and J;. (Here I,
is the first invariant of the stress tensor, J,=1/2 (s:s) and J; is the determinant of the deviatoric stress
tensor s). Then, it follows that:

i cri

o+ ¢S+ q3S
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and
1 og 2
P= — =pi0 S S, 44
HagHao_ P10 +p2S +p3 (44)
00

where S=s/(s:s)"/? is a unit deviatoric stress tensor, and the parameters ¢; and p; (i = 1 to 3) are given in
Appendix A. The principal values of the unit deviatoric tensor S can be written in terms of the single
scalar /€0, n/3] called the Lode angle:

2 2. .
S; = \/;cos |:I— 5(1 — l)n], ie[l,3]. (45)

The ranges of variation of the principal components of S, according to Eq. (45), are as follows:

1/V/6<S1<y2/3, —1/\/6 < S, < 1/\/6, —/2/3<S3< — 1//6.

Remark 3. In the general noncoaxial case, the tensors P and Q can be separated into deviatoric and
volumetric parts by introducing the angles ¢p and ¢g, and the unit deviators Sp and Sy (see Loret,
1992):

1
=08 PpSp + —= sin @0
Q PoSo NG ®o
and

1
P = cos ¢ pSp + —= sin @9, (46)

V3

where 0 < @p < @p < m/2. The assumption of deviatoric associativity amounts to postulating that the
directions of the deviatoric parts of P and Q are identical, namely Sp = Sp = S. Thus, the principal axes
of the normalized tensors Q and P are coaxial, and can be defined in the following forms presented by
Loret et al. (1990) and Loret (1992):

A 1
Q = cos ¢S + —= sin @,d

V3

and

A 1
P =cos ¢S + — sin ¢ »0. 47
b p /3 ®p (47)

For the cases, p3=¢3=0 or p> g3=p3 ¢> (see Baker and Desai, 1982), the tensors P and Q defined by
Eq. (44) can be rewritten in a form similar to Eq. (47). However, in general, the tensor S is not equal to
S, so any type of anisotropy can be embodied in S.

In what follows, linear isotropic elasticity is assumed, so that
D¢ =2GI+ 8 ® 8, (48)

where G and / are the Lamé constants.
Moreover, we define the deviatoric normal and shear stress in the following form
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o,=n-S-n

and

7, =y/n-8-n—(m-S-n). (49)

Using these quantities, the unit deviatoric stress states can be represented by Mohr’s circles [Fig. 1(a)],
which are given in a common form

1
ri+ai+an5,-+S%—§:O, (50)

where i = 1, 2 and 3 for the first, second and third Mohr’s circles, respectively. Now, if we consider a
new variable

2 2
Pn =0y + Tn> (51)

then the Mohr’s circle on the plane (o,, p,) can be represented by three straight lines [Fig. 1(b)]. Note

S3 Sz S1 Gn

(b)

Fig. 1. Schematic representation of the Mohr’s circle; (a) on the plane of the unit deviatoric normal and shear stresses, (b) on the
plane (¢,, p,)-
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that the transformation of the Mohr’s circle, using the parameter p, defined above has been introduced
by Benallal and Comi (1993), and independently by Szabd (1993).
Furthermore, we introduce the following relationships

trS=0,

rS* =1,

1
tr S = 3detS = — cos(3/),
76 <56

1
trS* =2,

2
n-S*n=q¢>+17=p,,

1
n-S3-n:§an+detS,

1
-S4~n:§pn+andetS,

=

=

1 1
.S .n= 207 + (E + pn)det S,

1
detS =S, S? — =
© ( 2)

1

SiSj = Si = 5

and

Si_Sj:w/Z_?’Sia when Si > Sj. (52)

In the derivations of these expressions, the equation S’—S/2—(det S)3=0, and the Cayley—Hamilton
theorem were employed.
It is convenient to introduce the following general coordinate system with g; covariant basis vectors:

g =n

g=8n

and
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)
g =5 -n (53)
The covariant components of the metric tensor are given by
1 Op P

1
(gl]) — () p” EO'n +detS ) (54)

1 1
P 50" + det S Ep” + o0, det S

In this coordinate system, the tensor B® can be defined with the mixed components as
B =B, =(B)g g/ =GBg;®g’, (55)

sym

and the vectors a and b in Eq. (12), using Egs. (44) and (48), with the contravariant components:

A / A
a=2Gn-P+/ntrP= 2G{[<1 + 5)p1 + i(m +p3)}n+pzS~n+p3S2 ~n} =2Gd'g;

and

Y ! .
b=2GQ -n+/ntrQ = 20{ [(1 + E)ql + E(QI + q3)}n + ¢S -n+ ¢38° -n} = 2Gb'g,. (56)

The coordinates B} in Eq. (55) are defined by

i i 1 i
Bj = 5]- + 1_72‘/51g1j, (57)

and the contravariant components of vectors ' and »* in Eq. (56) can be written as follows:

a'=p = Tt V(P +p3)l
b= ) = — g1 + V(g1 + 49)
1-2v ’
a =po,
b = q2,
a =p3
and
b = gs. (58)

The expression for the plastic hardening modulus, (Egs. (14) and (21)), using the quantities defined
above, can be rewritten as
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le

2G

=20'gu(B~ja’ — ¢ (59)

for loss of ellipticity, and

Ise

2G

= bgu(B™")ja' + / [al’gik(Bfl)f-‘af] [bgim(B=1)b"] — co (60)
for loss of strong ellipticity. In Egs. (59) and (60), the components (B’l); are defined by
. . 1 A
—1yi i i
(B™);=0;,— m51g1j (61)
and

v

Co=PIQ+1_2v

trPtrQ

1 v
=3p1q1+p2g2 + 5p3q3 + P1gs + p3qi + 3 detS(pags + p3ga) + - Gpr +p3)3q1 +43). - (62)

It is noted that the necessary algebraic operations and symbolic manipulations on these tensor
quantities defined above can readily be evaluated by using MATHEMATICA version 2 (Wolfram,
1991), and MATHTENSOR (Parker and Christensen, 1994).

Remark 4. From Eq. (59) and using Eqgs. (54), (57) and (58), the plastic hardening modulus can be
expressed as

le

G = Aai + Bo,p, + Cpi + Do, + Ep, + F, (63)
where:
4 1
=71 VPzQz,
B=——(prgs + p3a0)
Y p2q3 T P3q2),
C— 1
=71C VP3(13,
1—-2v . -
D= —(01q2 + p241) + (243 + p3q2) + 2p3qs detS,
1—-2v . -
E= ﬁ(pléh + p3q1) + 2292 + p3qs
and
1—-2v. .
F=——pq; +2(p2g3 + p3q2)detS — ¢o. (64)

1—v
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The function H'/2G in Eq. (63) can be interpreted as a surface over the plane (6, p,), and
corresponds to the localization condition for the general three-dimensional case.

Proposition 1. The function H'/2G=/(s,, p,) in Eq. (63) is a hyperbolic paraboloid surface in the (o,
pns H'/2G) coordinate system.

Proof. Define matrices T and t as the coefficients of the quadratic form (63):

1 1
A -B 0 =D
2 2
1
5B C 0 ZE
T =
0 0 0 —l
2
1D 1E ! F
2 2 2
and
1
A -B 0
2
t=1]1
-B C 0
2
0 0 0

For the invariants of the matrix T, we obtain

1 2
det(T) = |:4(1_V)(P26]3 —P36]2):| >0
and

Iy = —4 det(T) < 0.

The determinant of matrix t equals zero and its eigenvalues can be calculated in the following form

1
Ay = —m{pzqz +p3qs — \/(P292 —3q3) + (pags +quz)2} >0,
=0
and
, 2 2
Ay = —m{m% +p3q3 + \/(Pz(ﬁ —1393)" + (p2g3 + p3¢q2) } <0.

From the invariants of matrices T and t, and from the eigenvalues of matrix t, it immediately follows
that the function H'® is a hyperbolic paraboloid.
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4.2. Critical plastic hardening modulus for the loss of strong ellipticity

We are now concerned with the loss of strong ellipticity, and an explicit expression for the critical
hardening modulus and the critical orientation will be derived. This analysis is based on the geometric
method which was first proposed by Benallal and Lemaitre (1991) and Benallal (1992), and it was
applied in a slightly different form by Benallal and Comi (1993, 1996), Perrin and Leblond (1993), and
Szabo (1994, 1997).

The function H'/2G in Eq. (60) can also be interpreted as a surface over the plane (o,, p,), and the
quantities g,, and p,, in this function are restricted to the triangular area shown in Fig. 1(b). In Appendix
B, it is shown that there is no maximum of the function H'™° inside the triangular area. Consequently,
the maximum of H' in question must be above the boundary of the triangular area in Fig. 1(b). Using
Egs. (50) and (51), the sides of triangle are defined by p, =1/2 —S? — S,5,. This expression is
substituting into Egs. (54), (57) and (60), to obtain the following three functions (i = 1,2,3):

Hg'se(Un,Si) 1 1 MiD MlQ
T:N’PN’Q (a,,—Sj)(Sk—an)+,u<an+NiD 6n+N,.Q
(65)
M\’ M\
+ (S/ - O'n)(Sk - O'n) —plon+ —,P (Sj - O'n)(Sk - O'n) —ulon+ ,Q — Co,
Ni, Ni
where u=(1-2v)/[2(1—v)],
Ny =p> — Sips,
No = q2—Sig3,
i = 1 2
Mp=p,+ps 5 S;
and
i ~ 1 2
My =q +a3{5 =57 ) (66)

The functions H¢/2G, H%¢/2G and H%°/2G in Eq. (65) are restricted to the sides of the triangle
[Fig. 1(b)], respectively. Because the maximum of the function H!°/2G in Eq. (65) may be located on
the sides or the corner points of the triangle, the critical plastic hardening modulus can be calculated as

Ise Ise
He _ max max H 7 (0nS0),

G ax ma — g i€ [1,3], (67)

where 0,,€[S3, S»] for i = 1, 6,€[S3, Sq] for i = 2 and ¢, €[S, S;] for i = 3.
The necessary condition for a stationary value of the function H/2G in Eq. (65) is d(H *¢/2G)/da,
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=0. Using this condition, the stationary value of the normal stress is defined by:

(o%)) = —Ui - VKrKo (68)

n Jsta= U2 ?

where

Mi, M, M, M
Uy=2(1-w)~-L2—2 21 -ws| =L+ 1) +B-vs?—1,
N, Nj, Ny N

N, NiQ
and
M; (M Y
K;=2(1 —2v)M(M - Sl») —(14+v)S;+1; (69)

here, the index 7 equals P or Q. The stationary value of the normal stress in Eq. (68) may be inside or
outside of the associated interval. However, the range of variation of the normal stress o,, is restricted to
the intervals [S3, S»] for i = 1, [S3, S;] for i = 2 and [S,, Sy] for i = 3. Thus, its maximum value is
defined for the first Mohr circle (i = 1) as

(05)) i 85 < (o)) <5,

n sta n sta —
1se\(D . 1
()= 1 5 if (alfe)i[2> S5 ) (70)

Ss it (o)

n

1
()<S3

sta

for the second Mohr circle (i = 2) as

(5 i S5 < (oh) <5
() =1 5, it (o)2>s (71)
S it (o)e< Sy

and for the third Mohr circle (i = 3) as

(alse)(s) it S, < (alse)(3)<S1

n Jsta n Jsta —

(o) =L, it (%)% s . (72)

n Jsta

(3)< Sz

sta

S5 if (o)

n

Upon the substitution of (¢ fnax into Eq. (65), the corresponding three maximum values of H can be

calculated. The critical hardening modulus is defined as the maximum of these functions
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Hz:srfl?l — max Hl'se[(ol’fe)inax’si
2G 2G

]; ie[13]. (73)

i

The critical normal stress (o), is defined by the one of the three (a%)! |

n

value of the plastic hardening modulus in Eq. (73).

which gives the largest

Remark 5. It is important to note that when the tensors P and Q are symmetric with respect to all
principal axes of stress (P;=P,=P3, and Q;=0>=03), then, N}, =0 and N’Q = 0. In this case, the
critical orientation is indeterminate, and the critical plastic hardening modulus is defined by

H o 21 +v)
CrI1 — 2 Ml Ml _ J—
26~ MEPMe T 0= T

trPtr Q (74)

This type of localization mode is called a splitting discontinuity (see Bigoni and Hueckel, 1990a, 1991;
Ottosen and Runesson, 1991a). In this case, the loss of ellipticity and loss of strong ellipticity are
identical.

Remark 6. In the case of deviatoric associative flow rule Eq. (47), the parameters M’,/N’, and Mb /N ’Q
in Egs. (65) and (69), are expressible in the form

NZP - «/g(l _ 2‘/) Pp>
My, 1+v

= = ————tan @, 75
Ny T VA —2w) P2 (75)

and N, = cos ¢p, Njy = cos 9.
In addition, the presented results can easily be applied to the model used by Rudnicki and Rice (1975)
by the following relationships:

2
an ep = \@ﬁ
2
tan @y = 3t (76)

where the parameters  and p are defined in the Rudnicki—Rice model (see Rudnicki and Rice, 1975;
3(a)).

and

Remark 7. For the classical shear band localization (loss of ellipticity), an explicit expression for the
critical plastic hardening modulus, using the method considered above, can ecasily be derived. Because of
in the context of shear band analysis, several explicit solutions have been obtained (see, e.g. Bardet,
1990; Benallal, 1992; Benallal and Comi, 1996; Bigoni and Hueckel, 1991; Ottosen and Runesson,
1991a; Runesson et al., 1991), here only as an alternative solution, some simple expressions will be
presented. According to Proposition 1, there is no maximum of the function H'¢/2G inside the triangular
area, therefore, the maximum of this function must be at the boundary of the triangular area in
Fig. 1(b). From Eq. (65) (cf. Egs. (59) and (60)), we obtained the following three functions (i = 1,2,3):
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H (0,,S)) P (1—2v) M M,
# = 2‘NP]VQ (gn - SI)(Sk - 0;1) + 2(1 — V) On + N;: on + N—lQ — €0, (77)

where the parameters N}, Ny, M} and M), are defined by Eq. (66). The necessary condition for the
stationary value of the function defined above is d(H¢/2G)/da,=0. From this condition, the stationary
value of the normal stress is defined by

i l=2v| M, M
()=~ {N£+N§}—(1—v)s,». (78)

For the three Mohr circles the normal stress o, is restricted to the intervals [S3, S»], [S3, Si] and [S>,
S1], respectively. Thus, the maximum values for each of the Mohr circles are defined as being similar to
Eqgs. (70)—(72). With these quantities, the critical plastic hardening modulus may be expressed according
to

le H"|(c") .S
I;—CGm:max [(2();“"‘"‘] ie[1,3]. (79)
1

i
max’

The critical normal stress (6');, then becomes (61°);, = (o% where the index i is associated with

the largest value of the plastic hardening modulus in Eq. (79).

4.3. Critical orientation for the loss of strong ellipticity

The critical shear band orientation, using a method presented by Benallal and Lemaitre (1991) and
Benallal (1992), or another way suggested by Szabo (1994), can also be calculated as

L Ise
tanzolse _ SJ (an )crit (80)

e (O-l’fe)crit_sk ,

where j = 2 and k = 3 if (6%, =(0")) , and j = 1 and k = 3 if (%), =(5)2 , and j = 1 and k =
2if (05 )eric=(7 V-

Note that the critical orientation for the cases of loss of ellipticity (Remark 7) and the Raniecki type
comparison solid (2), using (%), and (a%) ;. can also be obtained from Eq. (80).

Remark 8. Because of the critical orientations calculated from the loss of strong ellipticity condition and

according to the Raniecki type comparison solids (see Appendix B) are identical; from Eq. (80), it is
evident that the critical normal stresses are also identical:

(afe)critz (O-zlf )crit'

It can readily be checked that Eqgs. (68) and (B6), with Eq. (B7), yield the same value of g,,.

5. Examples

The presented explicit expressions for the critical plastic hardening modulus and the critical
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orientation can provide different possibilities to compare the loss of ellipticity and loss of strong
ellipticity criteria. Here, only two special cases, the case of axially-symmetric extension and axially-
symmetric compression, will be investigated.

5.1. Axially-symmetric compression

In this case, the Lode angle equals /3 and S;=S,= 1/\/6, S3 = —4/2/3. Thus, the triangle in Fig. 1(b)
collapses to a line, while g, € [S3, S;]. In Egs. (65)—(69) and Egs. (77)—(79), the index i equals 2. The
parameters M/N*, using Appendix A, can be expressed by

M; (1+v)(2+1an ¢
Ni— V3(1—2v)(1 — V2 tan ¢,)’

where the index 7 equals P or Q, and ¢; € [—n/2, n/2]; moreover, the angle /; equals ©/4 or 5Sw/4. The
stationary value of normal stress, using Eqgs. (68), (78) and (81), can be defined by

(81)

V2(1 4 3v) + (1 = 3v)(tan ¢ + tan ) — 4v/2 tan ¢ tan ¢

2V3(1 = V2 tan ¢pp)(1 — V2 tan ) ’ .

(On)sta =

for the loss of ellipticity and

\}g{y — V/2(3 +v)(tan ¢ + tan $o) — 2(1 + 3v)tan ¢ p tan qSQ} —J/3apag

(On)sa = (83)
2{2ﬁ tan ¢ p tan ¢y + 2v(tan ¢ + tan d) — /2(1 + 2v)}
for the loss of strong ellipticity condition, where
y=1-"Tv-6/ (84)
and
ar=1+v+27*+4v2vtan ¢; + 2(1 — v)tan’¢,. (85)

The critical plastic hardening modulus and the critical orientation, using Egs. (82) and (83) with Egs.
(65), (77), (80) and (81), can be easily calculated. When the critical value of the normal stress is identical
to S; or S; in Eq. (80), the corresponding critical orientation is equal to zero or m/2, respectively. In
these cases, using Egs. (82) and (83), a relation between ¢p and ¢, can be defined. In Table 1, these
relationships are summarized for the loss of ellipticity (LE) and the loss of strong ellipticity (LSE).

When the conditions given in Table 1 are upheld, the critical orientation is identical to zero or w/2.
Fig. 2 shows these domains on the (¢p, ¢o) plane for v=0.3. In Fig. 2(a) for the loss of ellipticity, the

Table 1
Axially-symmetric compression
(Gn)cril:SSZ_\/2/3 (Jn)crit:Slzl/\/é
tan O = /m/2 tan O =0°
tan ¢p < tan ¢p >
V2v+(1-v)tan )
LE \/Zitan (bP T 1—v—2V2 tan r/):
LSE —2% _tan g, V(v an ¢y

14+242/2v tan ¢
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LOSS OF ELLIPTICITY
AXIALLY- SYMMETRIC COMPRESSION

ecrit =90°

-1.5 -1 -0.5

(a) ¢ P

0.5 1 1.5

LOSS OF STRONG ELLIPTICITY
AXIALLY- SYMMETRIC COMPRESSION

-1.5 -1 -0.5

(b) d) P

Fig. 2. Comparison of the limit values of the critical orientation for axially-symmetric compression on the plane (¢p, ¢¢), (a) loss
of ellipticity, (b) loss of strong ellipticity.

0.5 1 1.5
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variation of the critical orientation on the shaded area, using Egs. (80) and (82), can be calculated by

2+ (1 +3v)(tan ¢p +tan ¢y) — 2(2 + 3v)tan ¢ p tan ¢,

tan 0.y = .
(5 —3v)(tan ¢p + tan ¢) — 2(1 — 3v)tan ¢p tan ¢y — 8

(86)

In the case of loss of strong ellipticity, the critical orientation from Egs. (80) and (83) can be
obtained.

The lines d; and d, on Fig. 2 represent discontinuities which correspond to the singularity of Eq. (81)
(1—\/2 tan ¢;=0), while the point D corresponds to the splitting discontinuity.

Remark 9. Note that when the deviatoric asociative flow rule Eq. (47) is applied to the relation between
¢ and ¢y, using Egs. (75) and (81), the relation can be defined by

tan ¢, — /2

S — 87
1 ++/2tan @, ®7)

tan ¢; =

For the condition 0 < ¢p < @ < m/2, the deviatoric associativity can be seen enclosed by the dotted
line in Fig. 2, which was recently discussed by Szabo (1997).

5.2. Axially-symmetric tension

In the case of axially-symmetric tension, the Lode angle equals zero, S;=S,= —1/\/6 and S| = /2/3.
The normal stress, similar to the compression case, defined on the interval g, € [S3, S;], and the
parameters M’/N*, using Appendix A, are defined by

% _ (I+wv)(1+2tany))
Ni J6(1 —2v)(1 —tan ;)

(88)

where the index I equals P or Q, and ;€ [0, 2n]. The stationary value of the normal stress, using Egs.
(68), (78) and (88), can be defined by

4 — (1 —3v)(tan Y p + tan Y 5) — 2(1 + 3v)tan p tan

(On)sta = 2v/6(1 — tan Y p)(1 — tan ) ()
for the loss of ellipticity and
_\/g{(l +3v) + (3 +v)(tan Y p + tan Y p) — 7 tan p tan Y } — /620
) = 4{(1 + 2v)tan yp tan Y, — v(tan Y p + tan ) — 1} ’ ©0)
for the loss of strong ellipticity condition, where
gr=1—v+dvtany, + (1 +v+2v)tan’y,. 91)

The conditions when the critical orientation equals zero or =/2 are given in Table 2, and are
illustrated in Fig. 3.

Fig. 3. shows the critical domains in the (¢p, ¢o) plane for v=0.3. Note that this figure was made
from the relationships defined in Table 2 using the y;=sin~"' tan ¢, transformation.

In the case of loss of ellipticity, when S3 < (0,,).+ < Si, the critical orientation can be calculated by
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(1+v)(tan yp +tan y, — 2 tan Y p tan Y 5)
(1 —v)(tan p + tan ) + 2v tan Y tan 5 — 2

tan2 GCI‘il = (92)

while the critical orientation for the loss of strong ellipticity from Egs. (80) and (90) can be obtained.

Remark 10. In the case of deviatoric asociative flow rule Eq. (47), the relation between ; and ¢;, using
Egs. (75) and (88), may be defined by
V2tan @, — 1
2++/2tan @,

According to this relation, when ¢;=0 then ¢;=—24.09°, while ¢; — n/2 then ¢; — 35.2644°, which
corresponds to the d; or d lines in Fig. 3.

tan Yy, = (93)

6. Conclusion

The main objective of this paper was the analysis of the loss of strong ellipticity condition within the
framework of multisurface and single-surface elastoplasticity in small deformation range. The results
obtained can be summarized as follows.

First, a generalization of the Sherman—Morrison formula for the case where a multiple rank one
updates was presented. Using this formula, some explicit expressions for the determinant of the acoustic
tensor and its symmetric part were derived for the multisurface plasticity models. These expressions are
associated to the loss of ellipticity and loss of strong ellipticity. Moreover, an explicit criterion for
uniqueness was derived. In this context the determinant of the symmetric part of the fourth-order
constitutive tangent tensor was analysed. As an illustrative example, explicit expressions for the plastic
hardening modulus in the case of double-surface plasticity with a one parameter family of hardening
moduli have been presented.

Next, the loss of strong ellipticity has been investigated for single-surface plasticity. An explicit
expression for the critical plastic hardening modulus and the critical orientation, using the same
geometric method, has been derived for both Hill’s and Raniecki’s comparison solids. These expressions
are valid for a general nonassociative flow rule, and it is assumed that the principal axes of the
normalized tensors P and Q (unit outward normals to the plastic potential and yield surfaces,
respectively) are coaxial.

As noted already, Bigoni and Zaccaria (1992a) have given an analytical solution for the plastic
hardening modulus in the case of Raniecki’s comparison solids, which is also a solution for the Hill type
comparison solids (i.e. in their work, it is shown that the loss of strong ellipticity occurs simultaneously
in the Hill’s comparison solids and the best chosen Raniecki’s comparison solid). However, it should be
emphasized that the results presented in this paper based on a completely different method.

Table 2
Axially-symmetric tension
(Gr:)crit:SSZ_l/\/G (O-n)crit = Sl = \/g
tan O =m/2 tan O =0°
tan o < tan o>
2—tan Y p(1—v) tan Y
LE 2v tan |[/:+l—v 2tan 1//,,”—1
LSE _ 2v4(I4+v)tan ¢, (v—)tan ¢p

1+v2+2v tanyp T—v+4v tan Y
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LOSS OF ELLIPTICITY
AXIALLY- SYMMETRIC TENSION
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LOSS OF STRONG ELLIPTICITY
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(b) ¢ P

Fig. 3. Comparison of the limit values of the critical orientation for axially-symmetric tension on the plane (¢p, ¢p), (a) loss of
ellipticity, (b) loss of strong ellipticity.
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In addition, an analysis of the onset of shear band localization (loss of ellipticity) has been presented.
Although these results (presented in Remark 7) are well known in the literature, the method used in this
paper provides a proper possibility to compare them with the loss of strong ellipticity.

In particular, as an illustrative example, the critical orientation for the loss of strong ellipticity and
the classical shear band localization (loss of ellipticity) were compared for axially-symmetric
compression and tension.

Finally, it is concluded that the presented expressions for the loss of strong ellipticity can be used to
predict the onset of shear banding, due to the bounding nature of the loss of strong ellipticity over the
loss of ellipticity region.
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Appendix A

The parameters in Eq. (44) are given by
_1(3g 2, g
pr=\or, T30, )
1L/of 2 0
q1 = — _f _ _Jz_f R
qo 3]0— 3 8J3

1 0
P2 = szzi

oY e

q0 a.J,
1 og
)y -2
P3 7 28J3
and
1 of
_2J ;,
q3 o 28]3
where

og \’ 0\, 0g dg 2. o0 0g)’
= [3( 28 yan (28 98 98 L L 2L
po \/3<310> + Jz(ajz) oS5 T3V G
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and

of \’ of A of o
=,/3 2J,
a0 \/ (310> + <8J2> Y YA ( D\ on
Because, P and, Q are unit tensors, namely P:P=1 and Q:Q=1, the principal components of these

tensors can be expressed in the following form

Py =cos ¢ppcos p,
Q1 = cos ¢y cos Y,
Py = cos ¢p sin Y p,

02 = cos ¢ sin g,

P3 =sin ¢p
and
Q3 =sin ¢y, (A1)

where ¢p and ¢pe[—n/2, n/2], and Y p and Yy €[0, 27].
From Eq. (44), using the definitions above, it follows that

cos ¢ p coS Y p 1S S2\ (m
cosppsinyp | =11 S S3||p |
sin ¢ p 1Sy 83/ \»s

The matrix defined above is known as the Vandermonde matrix. In the general case, when the Lode
angle /€ (0, n/3) ({#0 and /# =©/3), the parameters p; can be expressed as

D1 $283(82 — 83)  S1853(83 — S1)  S152(S1 — 82) | [ cos ¢, cos rp
)2 d S2 - S3 S? - S? S3—s2 cos ¢psinp | (A2)
P3 Sz—S3 S3 Sl S1 —S2 Sim (/)P

where d=(S;—5,)(S,—S53)(S1—S3). The parameters ¢, can be calculated in a similar way. When / = 0 or
[=m7/3, the expressions presented above are simplified. From P:P =1, using Eq. (44), we obtain

1
3p1 + 2p1p3 + p3 + 6paps det S + 5[’% —1=0.

When the Lode angle /€ (0, n/3) (I#0 and [+# n/3), this equation is represented by an ellipsoid surface
in the (p1, p», p3) coordinate system, and when / = 0 (S,=S83=-1//6, S\ =+/2/3) or [=7/3
(S1=8,= 1/\/6, S3 = —4/2/3), it is represented by an elliptic cylindrical surface. In this last case, the
parameter p; may be choosen arbitralily, and
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_ coS ¢ p COS Y 2\/§s'n¢> —i—\/§
P2 = e Cos OpCOSYp = S\ 3 S Pr TSP U ot 1= 0, (¢p = tan™" (sin ¥/ )
P3 =cos ¢ppcosyp+2sindpp — 3p)

and

2 1 . 3
P2 = 2\/gcos Ppcosyp = 7651[1 2 \/gpl for [ = g, (1//1, = % or 5;)
p3=2cos ¢ppcosyp+singp —3p

Finally, we note that when P;=P,=P; and Q;=0,=Q5, the angles p=45° and ¢p=tan_l(1/\/2),
and =45 and ¢o=tan"'(1/,/2).

Appendix B

In this Appendix, an explicit expression for the critical plastic hardening modulus for the Raniecki-
type comparison solids will be derived. The constitutive tangent tensor for the family of comparison
solids introduced by Raniecki (1979) is defined as

D®R ® R:D°®

P _ e _
D =D 4y (H + Q:D*:P)’

(B1)

where ¥ is a free parameter, and the tensor R is given by

R=P+yQ.
For this model, using Eq. (14) or Eq. (21), the plastic hardening modulus can be expressed as
1
HR [R():D° -n] - B! - [n- D*:R(})] — Q:D*:P

R
and the critical plastic hardening modulus corresponds to the solution of the constrained maximization
problem:
Hgﬂ = max min H R(ny),
n v
subject to In/=1, and yeR .
Bigoni and Zaccaria (1992a) proved that the extremal problem defined above can be rewritten as

HR

crit

= min max H¥m,y), (B2)
W n

subject to |n|=1, and Y € R " Moreover, they have shown that the critical plastic hardening modulus is

identical for the Raniecki and the Hill type comparison solids, namely

H]SC — HR

crit crit>

(B3)

or
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max H'*(n) = min max H X(n,),
n 1] n

where H¢ is the critical plastic hardening modulus for the loss of the strong ellipticity condition in the
Hill type comparison solid (see Eq. (4), and H"(n) is given by Eq. (21).

Now, the maximization problem in Eq. (B2) can be solved, using the method presented in Remark 4,
by making the following identifications p; — ( p;/\y +¢;)/4 and g, — ( p;+q;). It can easily be shown that
for an associative constitutive model, the function H%(c,, p,.)/2G is a parabolic cylinder surface in the
(Gps pnn HRJ2G) coordinate system. It is obvious that the parameter  does not effect the type of this
surface. Hence, the maximum of function H%(c,, p,, ¥) may be located on the boundary of the triangle
[see Fig. 1(b)].

The boundary lines of the triangle, using Egs. (50) and (51), can be defined as

p,=1/2—S? — Sia,, (B4)

where index i corresponds to the first (i = 1), the second (i = 2), and the third (i = 3) Mohr circle,
respectively.

From Eq. (63), using Eq. (B4) and the indentifications defined above, we obtained the following three
functions (i = 1,2,3):

2
i i j i\ 2
HEGps) _ (Vo + ) (00— Sk — o)+ A2 (g, MotV M) s
2G - 2'# n ] k n 2(1 _ ) n NZP + l//NIQ 0>
where the parameters N, Ny, M} and M, are defined in Eq. (66).
The critical plastic hardening modulus is defined by the solution of the problem
HR

crit :
——=- — max min max
2G P 2G

R .
Hiont,S) . [1,3].

For the solution of the maximization problem with respect to ¢,, we obtain:

3[H R(0n,51)/2G]
a0,

My + Y M,
N+ ¥ Ny,

=0= (cF), = (1-2v)

n/sta”

— (1 -w)S.. (B6)

Let us introduce the notation

Alw.s) _ HE[e0)ubs]

2G 2G

Then, the minimization problem for I—NIZR (¥,S;)/2G with respect to { can be solved. The stationary
value of  is given by

o[t w.spre] y [P0 = Ny5) ~ NEISHI 4~ 1]
oy 2= 2v)MfQ(M§2 - NfQS,-) ~ N3[S21+v) —1]

(B7)

_ Finally, the critical plastic hardening modulus is defined by the maximum of the three functions,
Hf(lp’ S:)/2G, namely:

sta?
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R ] i .
Hcril — max Hf(lﬁsta,S,); ie [1’3]

2G ; 2G
It can now be noted that the critical plastic hardening modulus, H R, /2G, is located on the sides or
the corner points of the triangle. From Eq. (B3), it is easy to conclude that the critical plastic hardening
modulus for the family of comparison solid analysed in this paper, is also located on the boundary of
the triangle. In other words, the maximum of H"¢/2G in Eq. (60) must be above the sides (or the corner
points) of the triangular area in Fig. 1(b).

Note that the loss of strong ellipticity condition for the Raniecki type comparison solids was analyzed
by Bigoni and Zaccaria (1992a). They presented an analytical solution for the critical plastic hardening
modulus, however, the result presented herein is more explicit, and it was derived in a different way.
Nonetheless, the two different solutions provide identical numerical values.

Finally, it is interesting to investigate the Raniecki type comparison solid in the context of loss of
uniqueness. The general bifurcation criterion is first satisfied when the determinant of the symmetric
part of the tangent modulus tensor is equal to zero (see, e.g. Ottosen and Runesson, 1991a; Neilsen and
Schreyer, 1993; Ottosen and Ristinmaa, 1996). From this condition, an expression for the plastic
hardening modulus can be obtained. In the case of Hill type comparison solid, using the symmetric part
of D? defined by Eq. (4), the plastic hardening modulus is given by

) 1
det D, =0 — H ) = E{ /(Q:D*:Q)(P:D*:P) — Q:De:P]. (B8)

sym
This expression has previously been obtained, e.g., by Raniecki and Bruhns (1981), Runesson and
Mroz (1989), Bigoni and Hueckel (1991) and Neilsen and Schreyer (1993).

In the case of Raniecki’s comparison solid, using the tensor D} defined by Eq. (Bl), the plastic
hardening modulus can be expressed as a function of :

| 1 1
detDF =0 = H §anieciiy ) = WP:D‘“‘:P + ZWQ:DE:Q - EQ:DE:P. (B9)

Then, the critical plastic hardening modulus is defined by
(H (ianiecki ))cm: if;f H (%aniecki)(‘//)

The solution for the stationary value of i is obtained as

9 [H (f(aniecki)(lp)] [ P:D¢P
8!# = 0 - lrbcrit = Q:DS:Q‘ (BIO)

Substituting . into Eq. (B9), the critical plastic hardening modulus takes the same form as Eq.
(BR):

, , 1
(H é’zamecki))mf H GeaieciarWeid) = 5 i\/(Q;De:Q)(P:De:P) - Q:Dezp}. (B11)

This result was first established by Raniecki (1979).
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